We present a simple picture to understand the bandgap variation of any chiral carbon nanotubes with tensile and torsional strains. Using this picture, we are able to predict a simple dependence of d(Bandgap)/d(strain) on the value of (N x − N y ) mod 3, for semiconducting tubes. We also predict a novel change in sign of d(Bandgap)/d(strain) as a function of tensile strain arising from a change in the value of the quantum number corresponding to the minimum bandgap. These calculations are complemented by calculations of the change in bandgap using energy minimized structures, and some important differences are discussed.
The mechanical and electronic properties of carbon nanotubes (CNT) have individually been studied in some detail [1] [2] [3] and the predicted dependence of bandgap on chirality [1] has recently been observed. [4] The sensitive dependence of bandgap on chirality leads one to believe that the electronic properties might exhibit interesting dependence on mechanical deformation. This topic is of current importance because the basic ability to manipulate individual nanotubes and apply small strains has been demonstrated. [5] Additionally, it has been speculated that the change in bandgap with mechanical strain may form a basis for applications such as nanoscale electro-mechanical sensors. [6] With regards to the change in electronic properties with mechanical deformation, Refs. [7] and [8] recently studied the effect of uniaxial strain on armchair and zigzag CNT using an analytical Green's function method based on the π electron approximation and a four orbital numerical method, respectively.
Ref. [9] , on the other hand predicted the opening of a bandgap in armchair tubes under torsion, by a method that wraps a massless two dimensional Dirac Hamiltonian on a curved surface. In comparison to these studies, we present a simple picture to calculate the variation of bandgap of any chiral nanotube as a function of tensile and torsional strains, with little numerical computation. The main feature that simplifies this is a transformation from a fixed coordinate system to a chirality-dependent coordinate system. We treat the nanotube within the approximation that it is topologically a rolled up graphite sheet and assume a single π orbital per carbon atom.
A uniform graphene sheet has two atoms per unit cell. Upon applying a tensile or torsional strain, while the lattice vectors of the sheet change, the unit cell continues to comprise of two atoms (Fig. 1) . Most calculations use the fixed (x,ŷ) coordinate system to analyze the electronic properties. We however find that transforming to a chirality dependent coordinate system provides a simple picture and hence simplifies the calculation of the electro-mechanical properties. The axes of the chirality depdendent coordinate system comprises of the line joining the (0, 0) and (N x , Ny) carbon atoms (R), and the perpendicular (R ⊥ ). This coordinate system is preferred because the change in bond vectors can be scaled in a simple manner for tensile and torsional strain. That is, along and perpendicular to the 1-2 direction of strain [Eq. (2) ].
The fixed and chirality dependent coordinate systems are related by,x = sin(θ)R − cos(θ)R ⊥ andŷ = cos(θ)R + sin(θ)R ⊥ , where, sin(θ) = 
For an unstrained graphite sheet, the change in bond vectors δr i = 0. The change in bond vectors are further related by δr 1 = −( δr 2 + δr 3 ).
Within the context of continuum mechanics, application of a small tensile or torsional strain cause approximately the following change in the bond vectors:
where, ǫ is the tensile strain, γ is the shear strain, i ∈ 1, 2, 3 and r ip is the pth component of
The component ofR (R ⊥ ) can also be scaled as a result of tensile (torsional) strain but we neglect this here.
The primary effects of change in bond vectors are to alter the hopping parameter between carbon atoms and lattice vectors of the unit cell. The hopping parameter of bond i is represented by t i and is assumed to scale with the bond length as, t i = t 0 r 0 /r 2 i . [7, 8] We then derive that the band structure of the strained graphene sheet, within sp 2 approximation is, [10] 
where, k = kR + k ⊥R⊥ . The condition for quantization of the k-vector along the circumferential direction, kCa = 2πq has been used in deriving Eq. (3). The band structure of any (N x , N y ) tube in the presence of tensile or torsional strain can be easily calculated from Eqs. (2) and (3). Using such a procedure, we find that for semiconducting tubes independent of chirality, (i) while |dE g /dσ| are largest and smallest for zigzag and armchair tubes respectively under tension, the opposite is true under torsion. For chiralities in between, the general trend is that |dE g /dσ| changes gradually from the armchair to the zigzag values We believe that these results are significant because prior work considered only the highly symmetric armchair and zigzag tubes. Moreover, our procedure is considerably simpler that it can handle chiral tubes with ease. These finding have further been verified by four orbital calculations and the results do not change qualitatively.
The above picture assumed a simple form (continuum mechanics) for the scaling of bond lengths as a function of strain [Eq. (2)] and did not account for the change in bond lengths due to curvature. An important issue is the validity of the above results when energy minimized structures are considered. So, we compute the bandgap using δr i obtained by an energy minimization procedure and compare the results to that obtained from continuum mechanics. The energy minimization procedure uses Brenner potential [12] and periodic boundary conditions. As regards the topology, the primary input to the code that we have developed [13] , is the length of the structure. The radius, bond lengths and angles evolve to the configuration of minimum energy for the fixed length. This energy minimized structure is the input to a code that calculates the density of states using the method discussed in
Ref. [14] . The results obtained by this numerically more extensive method are qualitatively similar to the above findings for semiconducting and armchair tubes [13] . An interesting 1-4 exception in the case of torsion is discussed below. For other metallic/semi-metallic tubes, the symmetry in the bond vectors is lost when energy minimization is performed. As a result, it is known that the bandgap is no longer zero but has a small finite value. Then, we find that applying a strain usually causes a transition to a metallic state, even for chiral tubes. One such case is discussed. In the remainder of this paper, we focus on armchair and zigzag tubes, deriving simpler expression that illustrate the physics more directly.
The band structure of zigzag tubes under tension is given by (from Eq. (3)),
where, b zz = r 1R − r 2R [ Fig. 1 ] and t 2 = t 3 , as a result of symmetry. The minimum of E(k ⊥ )
occurs at k ⊥ = 0,
While Eq. (5) is compact, we find that expanding it to first order in δr i is useful to understand the features of dE g /dσ seen in Fig. 1 is approximately equal to 1 ∓ 1/(3 √ 3q) for N = 3q ± 1. Then as seen in Fig. 1 , we obtain that the sign of linear response dE g /dσ is negative for N = 3q−1 and positive for N = 3q+1, independent of tube diameter (Fig. 2) . [7, 8] When bond lengths from continuum mechanics are used, we find that |dE g /dσ| ≈ 3t 0 , for small values of strain (see zigzag cases in Fig.   2 ). (b) The first term of Eq. (6) takes the smallest possible value for q = q 0 that satisfies N = 3q 0 ± 1. The second term can however abruptly change sign when q changes from q 0 to q 0 ± 1. As a result, a dramatic change in the sign of dE g /dσ becomes possible if the magnitude of the second term is larger than the change in the first term (Fig. 4) . That is, as a function of strain, the quantum number q that yields minimum energy in the conduction band can change and this is accompanied by an abrupt change in the sign of dE g /dσ. It can also be shown easily that the strain required to observe this effect decreases approximately as the inverse radius of the tube for large N. This is illustrated by comparing the (10,0) and | (to first order δr i ). This results in a small non zero band gap (Fig. 4 ) of these tubes as predicted before. [7, 16] However, our results indicate that the bandgap decreases to zero as a result of stretching rather than compression, as found in Ref. [7] . This follows because the bond lengths differ in the following manner as a result of energy minimization: For a rolled graphene sheet (without energy minimization), it is easy to see that r 2 < r 1 . Upon energy minimization, we find that r 2 > r 1 . Then, stretching initially causes the two bond lengths to become comparable and as a result, the bandgap approaches zero (is equal to zero when r 2 = r 3 = r 1 ). The bandgap increases on stretching further as r 1 > r 2 . Our energy minimization simulations show that r 2 /r 1 decreases with increase in tube diameter. It would be of interest to see if r 2 < r 1 for larger diameter tubes.
This would result in a change in sign of dE g /dσ above a threshold diameter, in the case of (3q, 0) tubes.
Under the influence of a tensile strain, the change in bond vectors of armchair tubes are: δr 1 = δr 1RR , δr 2 = δr 2RR + δr 2R ⊥R ⊥ and δr 3 = δr 2RR − δr 2R ⊥R ⊥ . Further, t 2 = t 3 because of symmetry between bonds 2 and 3 [ Fig. 1] . The boundary condition along the circumferential direction is given by kN| r 1 − r 2 | R = 2πq. Using this information in Eq. (3), we obtain the following E(k ⊥ ) relationship for armchair tubes,
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where, b ac = r 2R ⊥ − r 3R ⊥ . The band that crosses the zero of energy corresponds to q = N and k ⊥ b ac = ±2π/3. In the presence of tensile strain, the E(k ⊥ ) relationship of this band is,
Note that when k ⊥ = 2b −1 ac acos(t 2 /2t 1 ), the bandgap is zero. That is, the bandgap of an armchair tube remains zero in the presence of tensile strain; the k vector corresponding to zero bandgap however depends on the strain and is no longer ±2π/3. This is an interesting difference from zigzag tubes, where the band minimum continues to be at k = 0 in the presence of strain.
We now proceed to discuss the change in bandgap as a result of torsional strain. Torsion breaks the symmetry between bonds 2 and 3, and the three bonds of a carbon atom change by different amounts [ Fig. 1 ]. We find from Eq. (3) that for semiconducting zigzag tubes, to first order in δr i , [15]
From Fig. 1 , it easy to see that δr 2 and δr 3 change in opposite directions under torsion.
As a result, they have compensating effects on the change in bandgap [Eq. (9)]. Using the bond lengths computed from continuum mechanics [Eq. (2)], we find that the magnitude of dE g /dσ is small and that the sign of the slope is equal to N mod 3. As expected, this also follows from Eq. (9) when the bond length changes from continuum mechanics are used.
In constrast, the sign of dE g /dσ is opposite to the continuum mechanics result, when bond lengths obtained from energy minimization are used. We find that for small strains, the
) is a small negative number, instead of the small postivie number that continuum mechanics yields. Future work to verify this result using alternate methods would be useful.
In comparison to the case of zigzag tubes, the effect of torsion is dramatic on armchair tubes. For the q = N band, it follows from Eq. (3) that,
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The minimum bandgap is obtained by minimizing Eq. (10) with respect to cos(
). We find that the band minima has moved away from k ⊥ b ac = ±2π/3 and a finite bandgap equal to, Substituting these values in Eq. (11), E g = √ 3t 0 δR/r 0 = 3t 0 γ (see armchair case in Fig.   3 ), where γ is the shear strain. [9] In conclusion, we present a simple picture to predict the E g versus σ behavior of CNT tubes of arbitrary chirality. We find that under tensile strain, |dE g /dσ| of zigzag tubes is 3t 0 independent of diameter, and continually decreases as the chirality changes to armchair, when it takes the value zero. The sign of dE g /dσ follows the (N x − N y ) mod 3 rule. In contrast, we show that under torsional strain, |dE g /dσ| of armchair tubes is 3t 0 independent of diameter, and continually decreases as the chirality changes to zigzag, where is takes a small value. The sign of dE g /dσ is predicted to follow the (N x − N y ) mod 3 rule. We also predict a change in the sign of dE g /dσ as function of strain, corresponding to a change in the value of q that corresponds to the bandgap minimum.
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Figure Captions 
